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Abstract 

This paper will identify the Mathematics Pedagogical Knowledge (MPK) necessary for effective            

teaching in mathematics. After reviewing the “Domains of mathematical knowledge for           

teaching,” we will look at three specific areas revolving around MPK as outlined in Ball,               

Thames, & Phelp’s (2008) work and how my own practice has utilized these ideas. We will look                 

at the importance of understanding mathematics, the importance of language in mathematics            

education, and the importance of the use of technology in mathematics. 
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Mathematics Pedagogical Knowledge for Teaching 

 

INTRODUCTION: 

As part of the assignments for EDU 530, we explored in detail the concept of 

Mathematical Content Knowledge (MCK) for teaching. MCK, we learned, is broader than just a 

knowledge of mathematics. One has to understand how different aspects of mathematics are 

related to each other in order to be able to more clearly explain the mathematics involved. 

However, it also became evident that subject matter knowledge is not enough. Lee Shulman, in 

his notable paper “Those Who Understand: Knowledge in Growth in Teaching,” proposed three 

domains for the knowledge teachers should have: 

1. Content Knowledge 

2. Pedagogical Content Knowledge (PCK) 

3. Curricular Knowledge (Shulman, 1986, p. 4 - 5). 

 

Deborah Ball, Mark Thames, and Geoffrey Phelps built on this groundwork in the field of 

mathematics in 2008 with their proposal to consider a total of six domains, as shown in the figure 

below. 
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(Ball, Thames, Phelps, 2008 p. 403) 

 

MATHEMATICS PEDAGOGICAL KNOWLEDGE: 

As seen in the figure above illustrating the six domains of mathematical knowledge for 

teaching, there are three domains in the area of Pedagogical Content Knowledge (PCK). 

(Because this paper is concerned with the content area of Mathematics, PCK will sometimes be 

referred to as Mathematics Pedagogical Knowledge, or MPK.) These three domains are briefly 

described here. 
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Knowledge of Content and Students (KCS) is defined as “content knowledge intertwined 

with knowledge of how students think about, know, or learn this particular content.” (Hill, Ball, 

Schilling, 2008 p. 375).  

Knowledge of Content and Teaching (KCT), while not formally defined by Hill, Ball, 

and Schilling, is essentially the knowledge of the mathematics content combined with a 

knowledge of how best to present and explain this content. This focus in on the teaching side of 

the process, while KCS is about how the student learns, and so the focus there is on the student 

side of the process. 

Knowledge of Content and Curriculum (KCC) is an understanding of how a particular 

topic that is being instructed fits into the overall curriculum of mathematics. As a simplistic 

example, one would generally not attempt to teach multiplication to students until they have 

learned what addition is and how to do it. A teacher who attempts to teach multiplication before 

addition would appear to have a fairly low level of KCC. On the other hand, there are topics that 

could be taught in various orders. For example, the three kindergarten teachers within our district 

have decided to take chapter 9 of their textbooks, which is about two-dimensional shapes such as 

squares, triangles, and circles, and teach it at the beginning of the year. They recognized that the 

visual identification of a shape did not depend on other content areas, and they wanted these 

discussions about shapes to happen early in the year so they could continue to talk about them in 

all parts of the day throughout the year. 

In the paper “Unpacking Pedagogical Content Knowledge: Conceptualizing and 

Measuring Teachers’ Topic-Specific Knowledge of Students” by Heather Hill, Deborah Ball, 
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and Stephen Schilling, the authors discuss the lack of scholarly evidence about PCK, explain the 

three domains within PCK, and provide some research describing their work on quantifying 

PCK. Their focus is on the domain Knowledge of Content and Students, or KCS, and the other 

two domains of MPK are only briefly addressed. 

In their discussion of KCS, they provide the definition quoted earlier. They go on to 

discuss that KCS involves more than just learning the content, but also includes something about 

the learners themselves, such as the tendency when adding fractions to simply add the 

denominators together and the numerators together (Hill, Ball, Schilling, 2008 p. 375). 

It is important to note that KCS is different from the domains with Subject Matter 

Knowledge. Those domains (Common Content Knowledge, Knowledge at the Mathematical 

Horizon, and Specialized Content Knowledge) are specific knowledge domains that do include 

any aspect of how the student learns or processes this information. “A teacher might have strong 

knowledge of the content itself but weak knowledge of how students learn the content or vice 

versa.” (Hill, Ball, Schilling, 2008 p. 378). This is a powerful conclusion, because it identifies an 

important concept. It is not enough to have immense content knowledge to be able to teach. One 

also has to understand how students learn to be successful as a teacher. 

 

THE IMPORTANCE OF UNDERSTANDING: 

Deborah Ball and Hyman Bass, in their piece “Making Mathematics Reasonable in 

School,” take the position that mathematical understanding is “meaningless without a serious 

emphasis on reasoning.” (Ball, Bass, 2003 p.28). As a specific example, they describe “Benny,” 
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who, when presented with a problem of adding decimals, determined the location of the decimal 

point in the answer by simply counting how many decimal places in the addends, and combining 

those together. They state “Unjustified knowledge is unreasoned and, hence, easily becomes 

unreasonable.” (Ball, Bass, 2003 p. 28). 

The importance of reasoning within mathematics cannot be ignored. Out of the eight 

Standards of Mathematical Practice (SMP) in the Common Core State Standards (CCSS), three 

of the standards have the word “reason” or “reasoning” in the standard. (Common Core 

Standards for Mathematical Practice, n.d.). This makes it clear that the authors of the Common 

Core put much importance on the idea of reasoning in mathematics. Furthermore, the idea of 

understanding and reasoning permeates the eight principles in “Principles to Actions: Ensuring 

Mathematical Success for All.”  

But in order for students to truly understand the mathematics, one would assume that 

teachers, too, would need to understand. In his review of Liping Ma’s book Knowing and 

Teaching Elementary Mathematics, Richard Askey comments on the difficulties U.S. teachers 

had compared with Chinese teachers when teaching the division of fractions. He states, in 

reference to the US teachers, “None of them could adequately explain the mathematical 

reasoning embedded in the algorithm, provide appropriate real-world applications, or offer 

proofs” (Askey p. 6). 

Part of MPK is recognizing the mistakes students often make in mathematics. In 

November 2017, I posted an article on my website about different methods for multiplication 
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(MMT, 2017). In this article, I gave an example of a common mistake students make when 

multiplying two-digit numbers. 

 

In this example the student forgot to “put the zero” in as a placeholder. Most teachers, indeed, 

most adults, would likely be able to recognize this error. However, here is another approach a 

student might take on this problem. 

 

First, note that this problem is not quite completed. The numbers in red need to be added up. 

With that said, an important question becomes whether teachers can recognize whether this is 
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method is legitimate or not. Many adults would look at this and believe it is done wrong. 

However, this is in fact solved correctly. It is imperative that a teacher be able to look at this 

work and recognize that it is solved appropriately. This is part of the concept of understanding 

the mathematics, which is critical for MPK. 

This article then develops the notion of the area model for multiplication, demonstrating 

how it works for arithmetic, but also how it applies to algebraic multiplication. This method has 

value far beyond that of arithmetic, as shown in the images below. 

 

The same model can be used to represent multiplication, whether it is arithmetic in nature or 

algebraic. 

Interestingly enough, Deborah Ball, Heather Hill, and Hyman Bass have a similar 

discussion in their article Knowing Mathematics for Teaching. In this article, they discuss the 

problem 35 x 25, showing the traditional algorithm, as well as some incorrect solutions. They go 
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on to show how an area model for multiplication works for their problem as well. (Ball, Hill, 

Bass, 2005 p. 19 - 20). 

Another example of a student with a non-standard way of solving a problem recently 

came to my attention. I was working with a 4th grade classroom and had taken 4 students to 

another room to talk about and work on multiplication. One student performed the multiplication 

of 23 x 17 in the following way: 

 

 

This student, although in his application kept messing up on place value, had somehow come to 

the idea that he could write the partial products ABOVE the problem, instead of underneath as is 

traditionally taught. Because he made errors on place value, however, it was very difficult to 

determine if his method actually worked. Once I had him talk through it a couple of times, and 

helped him line things up by place value, it became evident that he had a correct method. Below 
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is the same problem worked out, including 0’s as placeholders, to help show more clearly what 

he is doing. 

 

THE IMPORTANCE OF LANGUAGE: 

Mathematics teachers, and indeed, even mathematicians, are sometimes very sloppy in 

their language, despite being very specific in many definitions. Recently, I have worked with 3rd 

and 4th graders to address the concept of “adding a zero on” when multiplying by 10. I have 

worked to train them to say “append a zero”, and  yet even that is not accurate when multiplying 

decimals by 10. Other examples of language usage are things like “reduce a fraction” (does the 

fraction actually get smaller?) or “multiplying makes a number larger” (so 4 x ½ is larger than 

4?) 

In August 2014, NCTM published an article 13 Rules that Expire in their magazine 

“teaching children mathematics.” This was followed in November 2015 by 12 Math Rules that 
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Expire in “Mathematics Teaching in the Middle School.” Both of these bring to light the areas in 

which teachers use less than optimal phrases. 

In “Knowing Mathematics for Teaching” the authors address some of the problems with 

definitions. For example, they give one definition of a rectangle that teachers sometimes use: “a 

shape with two long sides and two short sides, and right angles.” (Ball, Hill, & Bass, 2005 p. 21). 

Such a definition precludes a square from being a rectangle, when in fact a square is a specific 

type of rectangle. Additionally, they point out that many times students are given names with 

drawings as examples, rather than definitions. As such, students have a fixed picture in their 

mind that may not be accurate.  

I experienced this myself last week in a 4th grade classroom. We were talking about 

two-dimensional shapes, and I drew the image pictured below on the board: 

 

I had students who refused to call it a triangle because it didn’t look like what they perceived a 

triangle to always look like. According to Ball, Hill, and Bass, “Students need definitions that are 

usable, relying on terms and ideas they already understand. This requires teachers to know more 

than the definitions they might encounter in university courses.” (Ball, Hill, & Bass, 2005 p. 21). 
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Part of MPK is recognizing when incorrect language leads to misconceptions. Last 

semester I saw a student “borrow” a one from the ones place to put with the tens place, because 

they were subtracting two 3-digit numbers from left to right. They subtracted the hundreds, but 

then couldn’t subtract the tens place so had to “borrow”. Seeing this being done allowed me to 

recognize how they had a complete misunderstanding of “borrowing.” They felt that one could 

borrow from any place, if they had the numbers to spare. They did not understand the concept of 

regrouping in subtraction, and I believe this is in large part to the use of the word “borrowing.”  

 

 

THE IMPORTANCE OF TECHNOLOGY: 

The debate over the use of technology, especially calculators, in mathematics education 

has existed for years. There have been passionate arguments from people on both sides of the 

debate. This debate is often part of a bigger issue, often dubbed the “Math Wars”, which puts the 

“traditionalist,” those who believe students should focus on the basics of computations in 

arithmetic as the means for learning mathematics, against the “constructionists,” who believe that 

students learn best by exploring problems, discovering new mathematical principles, and 

applying those to real world situations. 

I believe there is validity to both sides of this argument. Indeed, the Common Core State 

Standards also seems to indicate a moderate approach. There are many standards that refer to 

using multiple strategies for solving a variety of problems, which tends to be what the 
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constructionists would desire. However, the standards tell us that students should learn and be 

fluent with the standard algorithms for arithmetic, which leans toward the traditionalist side. 

In the area of technology, I find myself in a very similar middle ground. My experience 

with the use of technology, specifically the graphing calculator, in teaching high school 

mathematics demonstrates that many times a calculator can make real world problems much 

more accessible to students. However, I have also always felt that the calculator should not be 

treated as a “black box,” where no ones knows what is happening on the inside. 

To give a specific example, several years ago I was teaching a unit on statistics in 

Algebra 1 and we were specifically working on finding the standard deviation of a set of data. 

We took the time to compute the standard deviation by hand. Of course, I made sure that the data 

set was fairly small, around 5 numbers, and that the computations would not be unreasonable. 

Once they understood the procedure to go through, we moved to the graphing calculator. There, 

we used the built-in statistical lists to mimic the same steps we had done by hand - find the mean 

of the data, subtract the mean from each data point and put it in a new list, square the values in 

the new list, and finally find the mean of that result and take the square root. Students found that 

using the lists to do these computations meant that it did not really matter if we had 5 data points 

or 50 data points. Finally, the last step was to show them the function on the calculator that 

would instantly calculate the standard deviation for them once they had entered the data in the 

calculator. 

The students, of course, wanted to know why I did not just teach that final method first. I 

would always give the same reasoning. I would describe how the process might look like if we 
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were in third grade and I was teaching them multiplication. “Today we are going to learn how to 

multiply 3 x 4. On your calculator, press the number 3, then the button that looks like an “x”, and 

then the number 4. Now press the equals symbol, and what the calculator gives you is the 

answer.” I would then ask if they thought I was really teaching them multiplication. Every time 

they would understand the point - this was not teaching multiplication. It was teaching button 

pushing.  

In my view, having an understanding of how the standard deviation is calculated helps 

with a having a better understanding of what the standard deviation actually is. If I had bypassed 

the initial work, and simply showed them how to enter a data set in the calculator and push a 

button to get the standard deviation, they would have known how to find it but had little 

understanding of what it actually was. 

Conrad Wolfram, of Wolfram Research and the math knowledge engine Wolfram Alpha, 

says that math really consists of four things: 

1. Posing the right question. 

2. Transferring the real world question to a mathematical formulation. 

3. Performing calculations. 

4. Transferring the results back to the real world and verifying the answer. 

He believes that the vast majority of math education focuses on step 3, but that step 3 is the one 

step best performed by computers. Instead, he argues, we should focus on steps 1, 2, and 4 in our 

math education (Wolfram, 2010). 
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He also goes on to acknowledge that there is a place for computations. Specifically, he 

definitely acknowledges the importance of being able to make estimates and determine the 

reasonableness of an answer given by a device. One cannot do that without some amount of 

knowledge and skill in computation (Wolfram, 2010). 

 

CONCLUSION: 

When I was graduated from high school in 1984, at our Class Night awards many 

departments gave out “Viking Awards.” These were awards given to a senior for exemplary 

work in the department, based on the determination of the faculty in the department. An unusual 

event occurred within the mathematics department that year. The Viking Award was given to a 

senior who had numerous accomplishments in both math and science: he was on the State of 

Maine All-Star Math Team for two years; he was one of the highest scoring students statewide 

that year on the American High School Mathematics Exam; he won the Westinghouse National 

Science Talent search competition with a significant scholarship; he was one of the top scorers at 

the New England Math Meet. Everyone knew he would be the likely recipient of the Viking 

award, and felt it was well-deserved. 

The surprising piece was that a second award was given that year. The second award was 

to an individual that had nearly the same academic accomplishments, save for the Westinghouse 

award. But when the department representative read the award, it was noted that this individual 

had the ability to not only DO the mathematics and solve problems of all types, he also possessed 
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the ability to explain mathematics to his classmates. The teacher in particular noted that it was 

much like having a second teacher within the classroom. 

I relate this story because it gets at the heart of MPK. A person can have a great deal of 

mathematical knowledge, yet lack the mathematical pedagogical knowledge needed to convey 

that knowledge to other people.  Teacher preparation courses need to emphasize the importance 

of both content knowledge, but also pedagogical knowledge and strategies and techniques that 

will help students more successful at mastering the content.  
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